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ABSTRACT: The quadratic equation with three unknowns given by x(x+y)= z+20 is analysed for its non-zero

distinct integer solutions. Given a solution, formula for generating sequence of solutions is obtained. A few interesting
relations among the solutions are also exhibited.
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I. INTRODUCTION

The ternary quadratic Diophantine equations offer an unlimited field for research due to their variety [1, 23]. For an
extensive review of various problems, one may refer [2-22]. This communication concerns with yet another interesting
ternary quadratic equation x(x + y)= z+ 20 representing a cone for determining its infinitely many non-zero integral

points. Also, a few interesting relations among the solutions are presented.
Il. METHOD OF ANALYSIS

The ternary quadratic equation to be solved is
X(x +y)=2+20 (1)
Treating (1) as a quadratic in x and solving for x, we get

x=[ -y razreo) @

Substituting y =z+19 3)
in (2), it is seen that x =1, —(z+20)
Thus, the triples (1, z+19, z)and (—z—-20, z+19, z) satisfy (1)
Also, the substitution of y=2k+8, z=4k 4)
in (2) gives x =2, —(2k +10)
- The triples (2, 2k +8, 4k) and (- 2k —10, 2k +8, 4k) satisfy (1)

It is noted that, (1) is not altered on replacing x by —x and y by -y simultaneously. Hence, the
triples (-1, -z -19,2),(z+20, -2-19, z), (-2, -2k -8, 4k) and (2k +10, — 2k -8, 4k) also satisfy (1).
However, we have other choices of integer solutions to (1) which are presented below in Tablel:

Table 1: Solutions

S. No X y z
1 2 k+8 2k
2 k+10 -k-8 2k
3 1 2k +19 2k
4 -2k -20 2k +19 2k
5 -k-10 k+8 2k
6 2 k+8 4k
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7 k+10 -k-8 4k
8 5 k-1 5k
9 k+4 -k+1 5k
10 2 3k+8 6k
11 3k+10 -3k-8 6k
12 4 2k +1 8k
13 2k +5 -2k -1 8k
14 10 k-8 10k
15 k+2 -k+8 10k
16 5 2k -1 10k

A natural question that arises now is that, whether a general formula for obtaining a sequence of integer
solutions for (1) based on its given integer solution can be found?
The answer to the question is yes and a method of obtaining the same is illustrated below:
Let (X,,Y,.2,) be the given integer solution to (1). Let (x,,y,,z,) be the first solution of (1) where

X, =h-X,,y,=h-y,, 2 =2,+h’ (5)
where h is any non-zero integer to be determined.
Substituting (5) in (1) and simplifying, we have

h =3x,+Y, (6)

Using (6) in (5), we have

X, = 2Xo + Yo, ¥y =3Xg, 2, = Zo + (3%, + Y, )
Repeating the above process, the general solution (xn,yn , zn) of (1) is represented by

=L -y
Y, =%[(3”+1 —3(—1)")x0 + (3" +3(-1) )y0 ]

2n
z,=1, +(3 8_1J (Bxo+Y,

A few interesting relations among the solutions are exhibited as follows
¥ X, +2X,, =4y, +11X,

Voo +12y, ., =3y, +12X,
Xnp =2Y, +7X,

Yoo = 3yn + 6Xn

Xng =Y, +2X,

+ X, =9X, +3Y,

X

n+l
yn+1 =3Xn

yn+1 + yn+2 = 9Xn +3yn
3Xn+1 = yn+2

YV VV V V V VY VY
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111. CONCLUSION

In this paper, we have made an attempt to find all integer solutions to the ternary quadratic equation given

by x(x+y)= z+20. To conclude, one may consider suitable changes in the choice of the linear transformation (5) to
arrive at different forms of general solution to (1).
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